Spline functions have long been used in numerical solution of differential equations.
Introduction
Isogeometric analysis integrates finite element analysis and tensor-product splines based, especially NURBS based CAD into a unified process, where triangulation for FEA is not needed. Usually a CAD model consists of many NURBS pieces, smoothly connected but independently defined. Most of the time, the parametric domains of all the pieces can not unified into a single domain, which results in difficulty for isogeometric analysis. In this paper, multiply periodic splines are introduced. Usually a single piece of such splines is enough to build complex CAD models, which facilitates isogeometric analysis.
Multiply periodic splines are defined on Klein's disk. The method to construct tensorproduct splines is not enough. In section two, we introduce general bivariate splines, the method for studying general bivariate splines can be generalized to study multiply periodic splines. In section three, Klein disk is covered. In section four, multiply periodic partition and multiply periodic splines are defined, and multiply periodic smooth connection conditions are given. Some simple examples are given in section five, and summary comes at last.
Multivariate splines
Multivariate spline theory has been studied extensively. It is used in approximation, CAGD, FEM, etc. For the sake of simplicity, we restrict to the bivariate case. Given a polygonal domain  , we partition it with irreducible algebraic curves into finite cells. 
where [ ] x denotes the largest integer x  .
Klein disk
Klein disk is a model of hyperbolic geometry in which points are represented by the points in the interior of the unit disk and lines are represented by the chords. Poincaré disk is another model of hyperbolic geometry. An advantage of the Poincaré disk is that it is conformal (circles and angles are not distorted); a disadvantage is that lines of the geometry are circular arcs orthogonal to the boundary circle of the disk.
If P is a point a distance u from the centre of the unit circle in the Poincaré disk, then the corresponding point of the Klein disk is a distance of s on the same radius:
Given two points u and v in the Poincaré disk which do not lie on a diameter, we can solve for the circle orthogonal to the boundary circle passing through both points, and obtain
In the plane, the inverse of a point P with respect to a reference circle with center O and radius r is a point ' P lying on the ray from O through P such that ' 2 OP OP r  
Isometric transformations of Poincaré disk form a group, which is generated by reflections about geodesics in Poincaré disk. Such a reflection is represented in the model as a circle inversion about the circle that represents the geodesic. Rotations and translations can be represented as a combination of two reflections about different geodesics. In the case of rotations, the two intersect, while in the case of translations, they do not. The orientation preserving isometric transformations consist of Möbius transformations of the form
Similarly, a geodesic in Klein disk is of the form Isometric transformations of Klein disk form a group, which is generated by reflections about chords in Klein disk. Such a reflection is represented as a projective mapping. Rotations and translations can be represented as a combination of two reflections about different chords. In the case of rotations, the two intersect, while in the case of translations, they do not. 
Multiply periodic splines
According to the uniformization theorem, all compact Riemann surfaces except sphere and torus are quotients of the Poincaré disk under some discrete transformation groups.
It is called a Fuchsian group.
We want to design and analyze high genus surfaces, we may construct multiply periodic splines on hyperbolic disk to build high genus surfaces.
For a Fuchsian group of the unit disk, under which the quotient is a high genus surface, we select a partition of a fixed fundamental domain of the Fuchsian group so that when we transfer the partition to the whole disk using the The geodesic of the Poincaré disk is a circle orthogonal to the unit circle, the boundary of a fundamental domain usually consists of consecutive arcs; while the geodesic of the Klein disk is a chord, a fundamental domain can be selected so that its boundary is a convex Euclidean polygon. So, we decide to study multiply periodic splines on Klein disk. Suppose that the Fuchsian group  is generated by , 1, , To make the idea clear, I present an example below. As the Poincaré disk is often used to introduce hyperbolic geometry, I take Bolza surface as the example.
Let us now recall the definition of the Bolza surface. Consider the regular hyperbolic octagon, with angles equal to 4  and corners at s multiply periodic splines on this triangulation. These splines can be used to construct surfaces of genus two, and isogeometric analysis can be carried out on such surfaces.
Summary
Multiply periodic splines are introduced. B-splines and dimension of such spline spaces will be discussed later.
